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ABSTRACT eigenvalues will change when the optimization problem decision
This paper proposes techniques used in finding a power systenvariables Change. o .
operating point that is both economically optimal and stable inthe  In [1], eigenvalue sensitivities with respect to general system

small-signal sense. To make the system small-signal stable, weoperating parameters were discussed. The sensitivities were used
should choose a power system operating point such that change#o determine how system loading levels affect stability. Reference
in system state variables due to small disturbances die out quickly.[2] applies eigenvalue sensitivities to controller design. Our paper
Thus, we need to know how changes in the power system operatingliscusses some eigenvalue and eigenvector sensitivity computation
point affect the linearized system’s eigenvalues, i.eefgenvalue  techniques not presented in [1] or [2] and discusses their applica-
sensitivities Methods to compute eigenvalue and eigenvector sen-tion to optimal power flow.

sitivities are discussed.

2. OPF WITH EIGENVALUE CONSTRAINTS

1. INTRODUCTION
The problem we want to solve is

The optimal power flow (OPF) problem attempts to minimize some

function of power system variables. Minimizing the cost of real min f(Y) 1)
power generation or minimizing real power losses in the system .
are examples of OPF objective functions. subject to
The OPF is a constrained optimization problem. We have op-
erating limits on voltage magnitudes and other system variables. h(Y) =0, )

Also, Kirchhoff’s laws must be satisfied at the solution to the prob- (Y) <0 3)
lem. Therefore, the solution to the problem is a power system g -

steady-state operating point which mat be stable since the con-  where f(Y') is the objective function,(Y') is the vector of equal-
straints historically included in the OPF problem are not stability ity constraints, and” is the vector of decision variables including
constraints. real and reactive power generation levels, bus voltages, and other

We begin the definition of stability by first noting that each yariables. The equality constraint§Y’) are the power balance
generator has a set of nonlinear differential equations describingequations

the synchronous machine, exciter, and any other control mecha-

nisms. Each generator also has a set of algebraic equations which Pg; — P = P(V,0), YieN (4)
couple the generator state variables and the generator's steady- O =0 ;

state operating point power injection into the system. Finally, there Qa1 = Que = Qu(1:0), vieN ®)

are the power system network equations, i.e. the Kirchhoff's law where /' is the set of all buses/ is the vector of bus voltage
circuit equations that the steady-state operating point must satisfy.magnitudes, ané is the vector of bus voltage phase angles. The

At the steady-state operating point, we can linearize the setvector of inequality constraints ifY"). These constraints include
of differential equations, the algebraic equations, and the network but are not limited to those on bus voltage magnitudes
equations. We then get a set of linear differential and algebraic )
equations which describe the power system dynamic response for VIR S Vi SV, VieWN. (6)
small deviations from the operating point about which we lin-
earized.

If the complexeigenvalue®f the linearized system have neg-
ative real parts, then the power system can withstand small distur-
bances and is considered stable in the small-signal sense. Re(\i(Y)) < AP < 0. @)

The linearized system eigenvalues depend on the steady-state B
operating point. Therefore, each eigenvalue is a function of power An alternate statement of stability constraints involves limiting
system variables. If we change one of these variables, the eigenboth the real part of the eigenvalue and tlemping ratio which
value will experience some change. This is the eigenvalue sen-is defined as the ratio of the real part of the eigenvalue to the mag-
sitivity. Computing the eigenvalue sensitivity is of interest since nitude of the eigenvalue. Limiting the damping ratio forces any
we can include constraints on the eigenvalues in the OPF formu-oscillations that occur due to small disturbances to die out quickly
lation. When minimizing our objective, we need to know how the in a limited number of oscillation cycles.

We propose the addition of small-signal stability inequality
constraints by including limits on the real parts of the system state
matrix eigenvalues. For thigh eigenvalue, this is written as



3. PRIMAL-DUAL INTERIOR-POINT SOLUTION x - includes state variables of synchronous
METHOD machines
I, - includes direct-axis and quadrature-axjs
A primal-dual interior-point algorithm [3] may be used to solve currentslq, I, of synchronous machines
our power system optimization problem. We begin by adding a Vy - includes voltage magnitudes
log barrier term to the Lagrangian to form the barrier function and phase angles at generator buses
Vi - includes voltage magnitudes
and phase angles at load buses

fY) + Z zihi(Y) — uZ In(—g;(Y)). (8)

Table 1: Description of power system variables.

To find a critical point, we solve the set of equations corresponding

to the first-order necessary conditions for optimality small deviations from the steady-state operating point about which

v JT JTw =0, 9 we performed our Iine_arizz_ation. _ _
vitdhztdyw ©) We would like to simplify these equations to obtain the form

hi =0, i=1...N, (10)
gi+ 8 =0, i=1...Ny (12) Az = Asys Az + E1AU. (29)
wisi = [, i=1...N2 (12) The first step is to solve 16 fak 7, and substitute into 15 and 17.
w;, 8; > 0, i=1...No. (13) AssumingD; is invertible, the result in matrix notation is
. -1 -1
whereJ;, and.J, are the equality and inequality constraint Jaco- Ad _ Ay - BlDl_lcl By — BlDl_lD2 0 AA‘f
bians, respectively. We choose to solve this system of equations ol C2 - Dng €1 Dy DBDl Dy 1D75 AVSZ
iteratively using Newton’s method, which involves writing a first- 6 4
order Taylor series expansion Ey
+ 10 |AU (20)
2 M Ne T T ’
Vy [+ 21 zi Hpi + ; wilyi J, Jg 0| [AY Continuing in this fashion, we can arrive at the system state matrix
g o o ol & Aqys as in 19. Each coefficient matrit:, As, Bo, etc. of 15-18
J o 0 I Aw is a function of the OPF decision variableslin Since theAsys
0 0 S W As matrix is computed from these coefficient matrices, tHep, will
r r change a¥” changes. In the next sections, we see how changes in
—fy—Jhz—Jgw elements ol affect the eigenvalues through the way they change
= —h (14) Asys.
—g—s
pe—Sw

5. ASSUMPTIONS

to determine our update vector. Therefore, we must compute the
gradient and Hessian of each equality and inequality constraint,
and since some of ou;(Y) are constraints on eigenvalues, we
must compute first- and second-order partial derivatives of eigen-
value functions. Expressions for these sensitivities will be re-
viewed in sections 6 through 9. But first, we need to define the

Suppose the system state matdx,s has complete sets of dis-

tinct eigenvaluesg 1, ... , A\, }, right eigenvector§gq, ... , ¢},

and left eigenvector§y, . .. , 1, }, where right eigenvectors are
column vectors and left eigenvectors are row vectors. The eigen-
values and eigenvectors satisfy

system state matrix of which we are computing the eigenvalues. Auys b = \i & 1)
4. LINEARIZED POWER SYSTEM MODEL and
After linearizing the differential, algebraic, and network equations Vi Asys = Xi s (22)
which describe the complete power system we are left with a set We can form a matrixp containing the vector§g, . .. , én}
of linear differential equations and a set of algebraic equations [4] as its columns, a matri¥ containing the vector$y:, ... , ¥y, }
of the form as its rows, and a matriA which contains the complex scalars
) {A1,..., .} as its diagonal elements. Then in matrix notation,
AJZ = AlAJZ + BlA]g + BQAVQ + ElAU (15) we haVeAsys b = (I)A
0=CiAx + D1 Al; + DAV, (16) Suppose we have a right eigenvecggrcorresponding to\;
0 = CoAx + D3sAI, + DsAV, + DsAV (17) and a left eigenvectap; corresponding to\; wherei # j. Then
the following holds true:
0 = DsAVy + D7 AV, (18)

. o . . . Y ¢ = 0. (23)
where 15 is the set of linearized generator differential equations,
16 is the set of generator algebraic equations, 17 is the set of netNow suppose we have a right eigenvecetpand a left eigenvector
work equations for generator buses, and 18 is the set of networkz); corresponding to the same eigenvalyeThen we have
equations for load buses. Variable descriptions are given in Ta-

ble 1. TheA preceding each variable in the equations refers to Vi i = ci (24)



wherec; € C. Note that since scalar multiples of the eigenvec-
tors are also eigenvectors, we canget= 1 by normalizing 24,
allowing us to simplify expressions that will appear later.

6. FIRST-ORDER EIGENVALUE SENSITIVITIES

Now we are ready to finé’gf as shown in [2] where € Y. Note
that Ay is a function of the set of OPF decision variablésFirst,
we take the partial derivative of both sides of 21 with respeet to
0Asys | E)qbl _ 8>\ , 8@-
Oe P+ Asys Oe Ai Oe
Multiplying both sides of 25 on the left by, and simplifying
results in

(25)

ZRe

’(,bz dh

ON\;
Oe

e

(26)

7. SECOND-ORDER EIGENVALUE SENSITIVITIES
COMPUTED USING ALL EIGENVALUES &
EIGENVECTORS

99;
Oeg !

compute,2 062 651 . In the next section, we review two ways to com-
pute the eigenvector sensitivities.

If we know the eigenvector sensitivitiég and 32, then we can

9. FIRST ORDER EIGENVECTOR SENSITIVITIES

9.1. Method |

We start by rearranging 25 to give us

0 Asys
¢ 7_(3 ‘ )@_

(961 - 861
By definition of the eigenvalugAsys — i ) is singular, so we
can't simply multiply both sides of 31 byd.,s — A; 1)~ ' to solve
for the eigenvector sensitivity. However, it can be shown that the
term on the right side of 31 is indeed in the rangé.4f,s — \; I)
even though(Asys — A; I) is singular. We can use 31 and a nor-
malization condition

[di(er)||* = ¢ (1) pile) = 1

on the eigenvectors to solve for the real and imaginary parts of

O\
Oer

(Aws = M 1) (31)

(32

In this section, we review a method proposed by [2] and [5] to 8% . The system of equations to solve is
compute the second-order eigenvalue sensitivities. This method %¢

requires that we know all the eigenvalues and eigenvectors even _ _ ,
though we may only wish to calculate the second-order sensitivity Asin— I(l)\e_(j)‘)l D) A In_l(l’;: I())\ 1 Re %
for one eigenvalue. m M Sys e* g I 29,
Re(¢i) Im(¢;) m\9a
Suppose we are trying to comp% forsomeei, ez € Y. ) )
The second-order sensitivity is then —Re dgjlys - gjf o
9%\ 1 9% Auye = |-Im ((Z2= - 32 1) o (33)
862861 o ’(bz (ﬁl wz 662861 ¢Z
8As s Asys 9.2. Method I
+ i Z Bivdr + qu . Z awer|  (27)
k k A second method for computing eigenvector sensitivities is pro-
# = posed in [6]. The results of [6] will be given here with equations
where using our notation and assumptions. First, we can take the partial
b dAsys s derivative with respect te; of both sides of 32 to obtain
J Oeq z
Qi = Y. v (28)
v “bja(j’ A) ¢35 ad’l <¢>l a¢,> =0. (34)
R 29
P = i pi(Ni —Aj) " (29) This equation is true under the following condition:
Again, this formula requires knowledge of all eigenvalues and eigen- 8(;51
vectors which is a very large problem to solve when the system ‘bz (35)

state matrix is very large.

In other words, ife; gfl is real, then 34 is satisfied. However, if

34 is satisfied, then it is not necessarily true thh% is real. If

8. SECOND-ORDER EIGENVALUE SENSITIVITIES

COMPUTED USING A SINGLE EIGENVALUE AND 67291 is real, then 34 becomes
EIGENVECTOR. €1

We would like to find the second-order eigenvalue sensitivities 2¢1 8(;51 = (36)
without having to knowall the eigenvalues and eigenvectors. The
second-order eigenvalue sensitivity can be written in terms of two i.€.
first-order eigenvector sensitivities: L 00

#Pxn 1 9% Asys 0Asys _ ONi ] 09 “

Desder i bi {wi Deader i+ i { der Oy ] Dea Multiplying both sides of 37 on the left by;, we have

‘ 8Asys _ 8)\2 6@31 *aqﬁz
+1i [T@ 56 I} 861} - (30) $i8i 5 =0 (38)



Adding ¢; ¢ 224 to the left side of 31, we have

i Dey
99 [(DAgs  ON ) L
861 o < 361 Oer I) (z)Z. (39)

Adding ¢;¢; to (Asys — \; I) is a rank-1 modification of Asys —

A ). Since( 63:35 - % I) ¢, isintherange of Asys — \; [+
¢:®; ), then we need only solve the system of equations given by
39 to compute the eigenvector sensitivity. This method is differ-
ent from the previous in the way the normalization condition is
handled.

As emphasized earlier, both methods need only knowledge of
theith eigenvalue and left eigenvector to compute the eigenvector
sensitivity. Once we know the eigenvector sensitivity, it can be
plugged into 30 to obtain the second-order eigenvalue sensitivity.

10. CONCLUSIONS

This paper has discussed how the power system steady-state op-
erating point affects system small-signal stability. This stability is
reflected by the eigenvalues of the system state matrix, which are
computed by linearizing the power system differential and alge-
braic equations.

The state matrix is a function of power system steady-state
operating point variables. Changes in the steady-state operating
point affect the eigenvalues through their effect on the state matrix
as shown in the eigenvalue sensitivity expressions. Therefore, we
can adjust the eigenvalues of our system by adjusting the steady-
state operating point. Eigenvalue sensitivities tell us how to change
the operating point to move eigenvalues to the desired location.

Eigenvalue sensitivity computational methods are based on
knowledge of eigenvalues and eigenvectors. We emphasized that
eigenvalue sensitivity techniques based on knowing a single eigen-
value and eigenvector were preferred in light of the Arnoldi al-
gorithm [7], a method that can be used to find the setritical
eigenvalues.
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